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{—} \ Abstract. We introduce the notion of weakly locally Lipschitz 

{SJ ■ contractibility for metric spaces. Many fundamental objects in 

5_^ \ metric geometry, for instance, normed spaces, CAT-spaces and 

Alexandrov spaces satisfy this condition. We consider the cate- 
gory of all pairs of weakly locally Lipschitz contractible spaces as 
objects together with all locally Lipschitz maps as morphisms. A 
main purpose of the present paper is to prove that the singular 
Lipschitz (and usual singular) homology is naturally isomorphic to 
the homology of integral currents with compact support on this 
category. 
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^ ■ 1. Introduction 

<S . 

The notion of the locally Lipschitz contractibility for metric spaces 

was introduced by Yamaguchi [Y] . We abbreviate a term "locally Lips- 
chitz contractible" by LLC. Normed spaces and CAT-spaces are typical 
> . examples of LLC spaces. Recently, in [MYj . they proved that every 

finite dimensional Alexandrov space is LLC in a strong sense. Here, 
CAT-spaces and Alexandrov spaces are intrinsic (and complete) metric 
spaces having a curvature bound locally from above and below, respec- 
tively, in a generalized sense. For their definition and basic theory, we 
refer to the book |BBI] . The locally Lipschitz contractibility is known 
to have several interesting applications (see |M Y] ) . 

In the present paper, we consider and compare three homology the- 
ories from certain categories of metric spaces to the category of abelian 
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groups: 
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• H* the singular homology, 

• H% the singular Lipschitz homology, and 

• H\ c the homology of integral currents with compact support. 

For their definitions, we refer to Section |H Let us denote by Met 
the category of all LLC spaces as objects and all locally Lipschitz maps 
as morphisms. By Ab, we denote the category of all abelian groups. In 
[Yj . he proved 

Theorem 1.1 ( [Y) Proposition 1.3]). Two homologies H^ and H* from 
Met to Ab are naturally isomorphic to each other. Here, the natural 
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isomorphism is induced by the inclusion from the singular Lipschitz 
chain complex S^(X) to the usual singular chain complex S*(X) for 
eachX e Met LLC . 

Among of the homologies listed above, we will compare mainly H^ 
&ndHl c . 

Currents in a smooth manifold were introduced and studied by De 
Rham [PR] . Federer and Fleming [FFJ introduced and investigated a 
restricted classes of currents in a Euclidean space, to solve the Plateau 
problem in a generalized sense. For a theory of such classical currents, 
we refer to the book [F] . Currents in metric spaces, often called metric 
currents, were introduced by Ambrosio and Kirchheim [AKJ. There, 
fundamental and useful theory on currents were established. However, 
they dealt with only complete metric spaces. It was sufficient for their 
purpose. On the other hand, we mainly deal with LLC spaces in the 
present paper. By the definition of the LLC-condition, any open subset 
of an LLC space is again LLC. Hence, even if X is complete, when we 
want to consider relative homology H£ (X, A) for an open subset A of 
X, we must take care apply the theory in [A~K]. Indeed, we will remark 
that a region of their theory which will be used in this paper can be 
applied to arbitrary metric spaces (Remark 13.81) . 

Let us denote by Met 2 the category of all pairs of LLC spaces 
together with all locally Lipschitz maps. A main result of the present 
paper is 

Theorem 1.2. Three functors H*, H^ and R{ c from Met^ to Ab 
are naturally isomorphic to each other. 

Corollary 1.3. Let X be a finite dimensional Alexandrov space. Let 
A be open or closed convex in X . Then, 

H*(X, A) = H^(X, A) = Hi c (X, A). 



Riedweg and Schappi |RSj defined certain notion of "admitting local 
cone inequalities" and "admitting locally strong Lipschitz contractions" 
for metric spaces, which are variants of corresponding notion defined by 
Wenger [Wj . They proved that a metric space admitting locally strong 
Lipschitz contractions admits certain local cone inequalities. And they 
claimed that for a metric space admitting certain local cone inequal- 
ities, considering three homology theories coincide. Normed spaces 
and CAT-spaces admit locally strong Lipschitz contractions. However, 
in general, we do not know whether Alexandrov spaces admit locally 
strong Lipschitz contractions or local cone inequalities. 

Further, we will introduce the notion of weakly locally Lipschitz 
contractibility (Definition 12. 2p . It will be abbreviated by WLLC. We 
will check that every metric space which is LLC or which admits locally 
strongly Lipschitz contractions, is WLLC. And, we will prove 
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Theorem 1.4. H*, H^ and H^ c are naturally isomorphic to each other 
on Met 2 . Here, Met 2 is the fullsubcategory of Met 2 consisting 

of all WLLC pairs. 

Also, we will define the notion of (H )-locally triviality for metric 
spaces (Definition 14. lip , where H : Met — > Ab is a covariant functor. 
This condition is also called iJ-locally connectedness or infinitesimally 
i7-acyclicity in several literatures. Let Met 2 denote the fullsubcate- 
gory of Met 2 consisting of all (X, A) G Met 2 such that both X and A 
are (if)-locally trivial for every H = Hj, H^ and H^ with j > and 
m > 1, where H* (resp. H%) is the reduced singular (resp. the reduced 
singular Lipschitz) homology. We prove the following "Poincare type 
lemma" . 

Theorem 1.5. Every WLLC space is (H)-locally trivial for all H = 
Hj, Hj and H 1 ^ for j > and m > 1. 



Via Theorem II. 5[ Theorem 11.41 follows from the following. 

Theorem 1.6. Three functors H*, H^ andH\ c are naturally isomor- 
phic to each other on Met 2 . 

We will also check that a metric space admitting a certain local 
cone inequality in the sense of |RS] is (if)-locally trivial for suitable 
corresponding H in our sense (Proposition 14. 151) . Therefore, Theorems 
11.41 and 11.61 are generalizations of corresponding statements in [RSJ . 



1.1. Strategy. We explain how to prove the coincidence H^ and H^ c 
stated in Theorems 11.41 and 11.61 

First, we explain a strategy to prove H^ = H^ c stated in Theorem 
11.61 It is purely an algebraic topological argument. We will use the 
notion of cosheaves. For a general theory of cosheaves and its applica- 
tions, we refer to the book [B] and the papers |B2j and |DPj . We will 
review its definition and useful facts in Section 

In |DP] , De Pauw considered several homologies on several categories 
of topological spaces or of subspaces in a Euclidean space, and com- 
pared them by using cosheaf theory. In particular, he proved that the 
homology of integral currents with compact support coincides with the 
Cech homology H* naturally, on a suitable category consisting of sub- 
sets in a Euclidean space ( |DP[ Theorem 3.14]). Its proof given there 
was done by using an augmented double complex induced by a corre- 
sponding cosheaf with respect to any open covering of a space. And, 
due to a suitable assumption imposed on spaces and a general theory of 
homological algebra, taking the inverse limit procedure, a coincidence 
of the homologies was proved. 

To prove a coincidence of the homologies H% and H\ c on a certain 
category of metric spaces, Riedweg and Schappi [RSj defined a natural 
transformation [•]„ : H% — > H\ . They used the slicing of currents, 
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which was defined in |AKj . to decompose a given current into small 
pieces. And, they compared Hi and H\ c directly, by using [•]* and the 
slicing. 

Our strategy to prove H% = Hi as stated in Theorem ll.6l is a hybrid 
of an argument to compare several homologies by using cosheaves (and 
using augmented double complexes) developed in |DP] and using the 
natural transformation [-]* to compare Hi with Hi directly defined 
by [RSj . In particular, using [•]*, we can avoid to deal with the Cech 
homology. 

Theorem 11.41 is an immediate consequence of a Poincare type lemma 
(Theorem 11.51) . Therefore, main parts in this paper are to prove The- 
orems 11.61 and 11.51 



1.2. Organization. In Section [2J we recall the definition of the locally 
Lipschitz contractibility and introduce the notion of weakly locally Lip- 
schitz contractibility. We also review several notion similar to locally 
Lipschitz contractibility, and observe relations between them. And, we 
provide certain categories consisting of metric spaces (or pairs) as ob- 
jects. In Sectional we recall the definition of currents in metric spaces, 
according to [AKj . However, differently from |AK] . to deal with ar- 
bitrary metric spaces, we employ slightly modified definition. We will 
remark a region of their theory which will be used in this paper can 
work for arbitrary metric spaces which are need not to be complete. 
In Section HI we recall the definition of homologies Hi and Hi which 
we want to compare, as mentioned in the introduction. We provide a 
natural transformation [•]* from Hi to Hl° , which was defined by [RSJ. 
At the end of this section, we prove an important property, which is a 
counter part of the usual Poincare's lemma, for Hi and Hl° on WLLC 
spaces. To compare homologies, we recall the notion of cosheaves and 
its some useful theory in Section [51 There, we prove that the functor 
taking the space of integral currents with compact support on each 
open set in a metric space becomes actually a cosheaf on the space. 
In Section 0, we prove that [•]* : Hi — > Hi is actually a natural 
isomorphism on a suitable category. As well as, we prove that the 
natural transformation Hi — > H*, which is induced by the inclusions 
between chain complexes, is an isomorphism on a suitable category. In 
particular, all results mentioned in the introduction are proved. 



2. Locally Lipschitz contractibility 

In this section, X and Y always denote metric spaces. 

For L > 0, a map / : X — > Y is said to be L-Lipschitz if it satisfies 

d(f(x)J(y))<Ld(x,y) 
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for all x, y G X. We say that / is Lipschitz if / is L-Lipschitz for some 
L > 0. The Lipschitz constant of / is the minimum of all L such that 
/ is L-Lipschitz, and is denoted by Lip(/). 

A map / : X — > Y is said to be locally Lipschitz if for any x G X, 
there exists an open set U in X containing x such that the restriction 
f\ u is Lipschitz. 

A map / : X — > Y is called a bi-Lipschitz embedding, or simply, a 
bi-Lipschitz map if it satisfies 

L _1 d(s, x') < d(f(x)J(x')) < Ld(x, x') 

for all x,x' G X with some L > 1. If a bi-Lipschitz map is bijective, 
then we call it a bi-Lipschitz homeomorphisms. A locally bi-Lipschitz 
homeomorphism is a homeomorphism such that it and its inverse are 
locally Lipschitz. 

2.1. Locally Lipschitz contractibility. By Met, we denote the cat- 
egory of all metric spaces as objects together with all locally Lipschitz 
maps as morphisms. 

A homotopy h : X X [0, 1] — > Y is called a Lipschitz homotopy if it 
is a Lipschitz map, i.e., there exist constants C, C > such that 

d(h(x, t), h(x', t')) < Cd(x, x') + C'\t - t'\ 

for every x, x' G X and t, t' G [0,1]. For a homotopy h, we write 
/if = h(-,t) for each £ G [0, 1]. In this case, ho and hi are said to be 
Lipschitz homotopic to each other. 

Let U and V be subsets of X with U C V". A Lipschitz homotopy 
/i : [/ x [0, 1] — )• V is called a Lipschitz contraction if there exists a 
point x & V such that /i is the inclusion U — V V and h\ is a constant 
map valued x . In this case, we say that U is Lipschitz contractible to 
xq in V and precisely say that h is a Lipschitz contraction from U to 
xo in V. 

Definition 2.1 ([Y], cf. |MYj ) . Let X be a metric space. We say 
that X is locally Lipschitz contractible, for short LLC, if for any x G X 
and any r > 0, there exists r' G (0, r] such that U(x,r') is Lipschitz 
contractible to x in £/(x, r). Here, U(x, r) denotes the open metric ball 
centered at x with radius r. We denote by Met the fullsub category 
of Met consisting of all LLC spaces as objects. 

Definition 2.2. We say that a metric space X is weakly locally Lips- 
chitz contractible, for short WLLC, if for any x G X and any open set 
U C X with x G U, there exists an open set V C X with x & V C U 
such that V is Lipschitz contractible in U to some point of U. We 
denote by Met WLLC the fullsubcategory of Met consisting of all WLLC 
spaces as objects. 

It is obvious that every LLC space is WLLC. Also, the following is 
trivial: 
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Proposition 2.3. The LLC -condition (resp. WLLC- condition) is in- 
herited to open subsets and is preserving under locally bi-Lipschitz home- 
omorphisms. Namely, if X is LLC (resp. WLLC) and U is an open 
subset of X , and if f : X —}Y is a locally bi-Lipschitz homeomorphism, 
then U and Y are LLC (resp. WLLC). 

Remark 2.4. In [MY] , they denned the strongly locally Lipschitz con- 
tractibility. We say that a metric space X is strongly locally Lipschitz 
contractible, for short SLLC, if for any x G X, there exist r > and 
a Lipschitz contraction h : U(x,r) x [0,1] — > U(x,r) to x such that 
for any r' G (0,r], the image of the restriction of h to U(x,r') x [0, 1] 
is U(x,r'). It is clear that any SLLC space is LLC. They proved that 
every finite dimensional Alexandrov space is SLLC. 

Remark 2.5. Riedweg and Schappi [RSJ introduced the following no- 
tion. A metric space X admits locally strong Lipschitz contractions if 
for any x G X, there exist r > and 7 > such that every subset 
S C U(x,r) admits a strong 7-Lipschitz contraction in their sense, i.e., 
there exists a Lipschitz contraction </> from S to some y G X in X such 
that the Lipschitz constant of <fi is estimated as 

d((j)(z, t), (j)(z', t')) < jdiam(S)\t -t'\ + yd(z, z'). 

Since 7 is depending only on x and the Lipschitz constant of <j) is 
depending on diam(S'), for x' G U(x, r), if we choose r' > sufficiently 
small, then we obtain a Lipschitz contraction from U(x', r') to some 
point of U(x,r) in U(x,r). Therefore, it turns out that any metric 
space admitting locally strong Lipschitz contractions is WLLC. 

For subsets A C X and B C Y, a locally Lipschitz map / from 
(X, A) to (Y, B) is a locally Lipschitz map / : X -> Y with f(A) C B. 
We denote by Met2 the category of all pairs of metric spaces together 
with locally Lipschitz maps. A pair (X, A) is said to be WLLC (resp. 
LLC) if X is WLLC (resp. LLC) and A is WLLC (resp. LLC) with 
respect to the restriction of the metric of X to A. We denote by 
Met WLLC ( regp Met2 LC ) the fullsub category of Met 2 consisting of all 
WLLC (resp. LLC) pairs. 

Remark 2.6. Since (X, A) G Met^ LC , then (X, A) G Met^ LLC , Theo- 
rem 11.21 and Corollary 11.31 are immediate consequences of Theorem 11.41 
via Remark 12.41 

3. Currents 

In this section, we denote by X and Y metric spaces. We recall 
the notion of currents in metric spaces, which is slightly modified from 
the original one given in |AK] . For its history and fundamental and 
deep theory, we refer to |AK] . Lemmas I3.4[ 13.101 and 13.161 are funda- 
mental and important in our paper. Because the proofs of Lemmas 



LLC AND THE HOMOLOGY OF CURRENTS 7 

13.101 and 13.161 could not be found in any literatures, we will give the 
proof. Lemma 13.41 is maybe well-known, but for the completeness, we 
will prove it. 

3.1. Basic measure theory. Let us denote \x a Borel measure on a 
metric space X. The support spt(/x) of /x is defined by 

spt(/x) = {x G X | n(U(x,r)) > for any r > 0}. 

It is closed in X. If /x is finite, i.e., /x(X) < oo, then its support is 
separable. 

We say that /x is concentrated on a subset A of X if \x{X — A) = 0. 
In this term, spt(/x) is the minimal closed subset of X on which /x is 
concentrated. It is easy to check that if /x is concentrated on a separable 
set, then /x is concentrated on its support. If /x is concentrated on its 
support, then spt(/x) is compact if and only if /x is concentrated on a 
compact set. 

We say that /x is tight if for any e > 0, there exists a compact 
subset K C X such that /i(X — K) < e. If /x is finite, then /x is 
tight if and only if /x is concentrated on a cr-compact set. In this 
case, /x is concentrated on its support. Further, the set Lip fe (X) of all 
bounded Lipschitz functions is dense in L l (X,fi) if /x is a finite tight 
Borel measure on X. 

Let .M be a family of finite Borel measures on X. The infimum 

l\ueM v of M is s iven b y 

{oo 
3=1 

for all Borel sets B C X, where the infimum runs over all {/i J }°? =1 C 
M. and all Borel partitions {Bj} of B. Here, a Borel partition {Bj} 
of i? is a disjoint countable family consisting of Borel sets satisfying 
(J ■ Bj ■ = B. It is easy to check that the infimum of M. is a finite Borel 
measure. By the definition, /\ v£M v(B) < v'(B) for any v' G M. and 
Borel set B C X. In particular, if some v' G A1 is tight, then /\ ueM v 
is tight. 

3.2. Currents and Normal currents. From now on, k denotes a 
nonnegative integer. 

Let us denote by Lip(X) the set of all Lipschitz functions on X. Let 
us denote by B°°(X) the set of all bounded Borel measurable functions 
on X. For any / G B°°(X), we set the value \f\oo = sup xeX |/(a;)|. 
By Lip fe (X) we denote the set of all bounded Lipschitz functions on X, 
i.e., Lip fe (X) = Lip(X) nB°°(X). Lip(X) is a linear space and Lip fe (X) 
is its subspace. 

We will denote by 1a the indicator function of A C X, i.e., Ia(^) = 1 
if x G A and l^(ar) = otherwise. 
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Definition 3.1 (Domain of currents). We set V°(X) = Lip fe (X). For 
k > 1, V k (X) = Lip fe (X) x [Lip(X)] fc . We will often abbreviate an 
element (/, n u ■ ■ ■ , vr fc ) G V k {X) by (/, vr). 

We consider a condition for multilinear functionals on T> k (X). 

Definition 3.2 (Finite mass axiom). Let T : T> k (X) — > R be a multi- 
linear functional. We say that T satisfies the finite mass axiom or has 
finite mass if there exists a finite tight measure /1011I such that for 
any(/,7r)GP fc (X), 

(3.1) |T(/,7r)|<f[Lipfa) / \f\dfi- 

t=i ^ x 

Here, we regard f^Lip(7Ti) as 1 when k = 0. 

Definition 3.3 (Mass measure). Let T : T> k (X) — >• R be a multilinear 
functional having finite mass. The minimal measure of all finite Borel 
measures /ionX satisfying (13. ip is called the mass measure of T and 
is denoted by ||T||. The support spt(T) of T is the support of ||T||. The 
mass M(T) of T is the total measure of ||T||: 

M(T) := ||T||(X). 

Let us denote by T>k(X) the set of all multilinear functionals on T> k (X) 
having finite mass. We say that T is concentrated on a subset A G X 
if ||T|| is concentrated on it. 

Let T G T>k(X). By the definition, ||T|| is tight. Hence, Lip b (X) 
is dense in L l (X, \\T\\). It follows that T is uniquely extended to a 
multilinear functional on L 1 (X, ||T||) x [Lip(X)] fc . For a Borel set B C 
X, we define the restriction T\_B by 

r|fl(/,7r) = T(l B /,7r) 

for (/,tt) G P fe (X). Then, T[S G X>*(X). 

By the definition of the mass measure, for any T,T' G T>k(X) and 
any Borel set B C X, 

\\T + T'\\{B)< ||T||(S) + ||T'||(S)and 

\\T[B\\ = \\T\\[B. 

In particular, we obtain 

spt(T + T') C spt(T) + spt(T'). 

It is easy to check that (2\(X), M) is a Banach space. 
For k > 1, the boundary of T G Pfc(X) is given by 

ffT(/,7r)=T(l,/,7r) 

for any (/, tt) G P A;_1 (X), which is a multilinear functional on T> k ~ 1 {X). 
We say that T G Pfe(X) is normal if <9T has finite mass. For T G 
T>o(X), we set 9T = and regard every T G T>q(X) as normal. The 
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set of all normal multilinear functionals on T> k (X) having finite mass 
endowed with the norm N(T) = M(T) + M(<9T) is a Banach space. 

Let Y be a metric space and <fi : X — y Y be a Lipschitz map. The 
push-forward of T G X\.(X) is defined by 

0#T(/, vr) = T(f o 0, TTi o 0, ■ ■ • , n k o 0) 

for any (/, vr) e £> fe (y). It is clear that # T G V k (Y). Indeed, 

||0 # T||<Lip(0) fc 0#||T|| 

holds. In particular, 0# : P/t(X) — y T>k(Y) is a Lipschitz map. If ||T|| 
is concentrated on A C X, then ||(/>#T|| is concentrated on 0(A) C F. 
In particular, ||0#T|| is tight. If T has compact support, then </>#T also 
has compact support: 

(3.2) spt(T) is compact ==>- so is spt(0#T). 

We recall the Mc Shane- Whitney's Lipschitz extension theorem stated 
as follows. Let X be a metric space and A a subset of X. Let / : A — y R 
be an L-Lipschitz function. Then, the following functions 

{X 3 x h-> inf (/(a) + Ld(x, a)) and 
X 9 x i— y sup (/(a) — Ld(x, a)) 

are L-Lipschitz on X and extensions of /. We will often use this theo- 
rem in the present paper. 

Lemma 3.4. If cf) : X — > Y is a bi-Lipschitz embedding, then <fi# : 
T>k(X) —y T>k(Y) is injective. 

Proof. It suffices to check that 

Lip(y) 3 f H- / o (j) e Lip(X); and 
Lip 6 (F)9/^/o0GLip 6 (X) 

are surjective. Let g : Y — y K. be a Lipschitz function. Then, g o 0" 1 : 
4>(X) — y R is also Lipschitz. By the Lipschitz extension theorem (13. 3p . 
there exists / : Y — y R which is Lipschitz and f\<f>(x) = 9 ° _1 - Then, 
focj) = g. It turns out that Lip(F) — >• Lip(X) is surjective. In addition, 
we suppose that g is bounded. Let us fix oo > C > sup x \g\. Let / 
be taken as above. Then, h = max{min{/, C}, — C} is a bounded 
Lipschitz function on Y which is an extension of g o _1 . Therefore, 
the correspondence Lip b (Y) — y Lip 6 (X) is also surjective. □ 

To define the notion of currents, we provide some conditions for 

T : V k (X) ->■ R. 

Definition 3.5 ([XK] Locality and Continuity). Let T : V k (X) -> R 
be a multilinear functional. We say that T satisfies the locality if for 
/ G Lip 6 (X) and 7Tj G Lip(X) with % = 1, . . . , k, if for some i, Hi is 
constant on {/ ^ 0}, then T(f, ir) = 0. 
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We say that T is continuous or satisfies the continuity if for any 

/ e Li P6 (x), 

limT(/,7r')=T(/,7r) 

whenever nf e Lip(X) converges to i\i pointwise on X as j — > oo, with 
supjj Lip(7rf ) < oo, for each i — 1, • • • , fc. 

Definition 3.6 (Current and Normal current). An element T e TD k {X) 
is called a fc-dimensional current in X, for short /c-current, if T satisfies 
the locality and the continuity. We denote by Mfc(X) the set of all 
A;-currents in X, and by N^(X) the set of all normal /c-currents in X. 

The locality and the continuity are preserving under M- convergence 
and taking the boundary In particular, JsA k (X) is a Banach subspace 
of Vk(X), and Nfc(X) is a Banach subspace of the space of all normal 
fc-dimensional multilinear functionals on T> k (X) having finite mass with 
respect to the norm N. 

If T e M k (X) and <p : X -> Y is Lipschitz, then <p # T e M k (Y). In 
general, 



holds. So, 0# : Njfc(X) — > Nfc(y) is well-defined. Hence, we obtain 

Proposition 3.7. N* is a covariant functor from the category of all 
metric spaces together with all Lipschitz maps to C(Ab). Here, C(Ab) 
denotes the category of all chain complexes with all chain maps. 

If T e M k (X) and a Borel set Bel, then T[B e M k (X). 

A current T e NL k (X) can be regarded as a functional on L l (X, \\T\\) x 
[Lip(X)] fc as mentioned above. It is known to satisfy the strengthened 
locality: if (/, ix) E B°°(X) x [Lip(X)] fc with {/ ^ 0} = ULi B i for 
some Borel sets Bi C X such that 7i~j is constant on Bi for each i, then 
T(f, tc) = 0; and to satisfy the strengthened continuity: for any fj — > f 
in L 1 (X, ||T||) as j — > oo, and n? — > 7Tj as j — > oo pointwise on X with 
sup i!i Lip(7if) < oo, lim J _ >00 T(/ i ,vr' J ) = T(f,n). 

Remark 3.8. There are two different points between our currents and 
Ambrosio-Kirchheim's currents. One of them is that they employed 
the finite mass axiom as the condition about the existence of just a 
finite Borel measure /ionl satisfying (13.11) . The second one is they 
only dealt with complete metric spaces. 

Instead of the assumption that at least one such a /i is tight, they 
assume that 

(3.4) any set has the cardinality an Ulam number, 

which condition is known to be consistent with the standard ZFC set 
theory. From the completeness of spaces, the assumption (13.41) auto- 
matically induces the tightness of any finite Borel measure /x in the 
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following way. It is known that any finite Borel measure /i on an ar- 
bitrary metric space E (which contains a dense subset) of cardinality 
an Ulam number is concentrated on its support. In general, spt(/x) is 
separable. Taking a dense sequence {x n } C spt(/i), for any e > and 
k <EN, choosing suitable h(k, e) G N, we set 

co h(k,e) 

K:=f]\j U(x n ,l/k) 

fc=l 71=1 

as constructed in [AKj Lemma 2.9]. By the construction, fi(E-K) < e 
and K is closed and totally bounded. Now, if E is assumed to be 
complete, then K becomes compact. 

In pVKJ, they mentioned that their theory also works if one only 
consider currents whose mass measure is tight. On the other hand, it 
was not mentioned well where the completeness assumption of spaces 
intrinsically was used. We remark and one can observe that the com- 
pleteness assumption of spaces was used only to lead the compactness 
of K in the proof of \XK\ Lemma 2.9], within Ambrosio-Kirchheim's 
theory of currents related this paper. 

Therefore, we employed the finite mass axiom as Definition 13.21 
Then, we can deal with arbitrary metric spaces which need not to 
be complete. 

Incidentally, the condition that multilinear functionals have the tight 
mass measures is closed, i.e., denoting by V k {X) the set of all multi- 
linear functionals on T> k (X) having finite mass which is not need to be 
tight, T>k(X) is a Banach space equipped with norm M(T) = ||T||(X) 
for T G T>k{X) and T>k(X) is a closed subspace of T>k(X). 

Since the countable infinite cardinality is an Ulam number, if X is 
complete and separable, then T> k {X) = T>k(X), i.e., there is no differ- 
ence between our definition and theirs of currents. 

Normal currents satisfy the following useful property. It follows from 
the definition of the normality and the product rule [AKl Theorem 3.5]. 

Proposition 3.9 (Equi-continuity of normal currents, |AK} Proposi- 
tion 5.1]). Let T G N fc (X). For any f G Lip 6 (X) and 7rj,7r- G Lip(X) 
with Lip(7Tj), Lip(7Tj') < 1, 

\T(M-T(fy)\< 

E{/mi^-^MI<9T||+Lip(/) I \n-^d\\T\\\. 
i=i ujf J urn ) 

It is known that if T is a normal /c-current in X, then ||T|| is abso- 
lutely continuous in %\ on the Borel cr-algebra of X, i.e., if B C X is 
Borel and % k {B) = 0, then ||T||(S) = ([SKI Theorem 3.9]). 

Let T G Nfc(X) and <fi G Lip(X). Due to Localization Lemma 5.3 in 
[AK], for almost every r€l, T\_{(j) > r} is a normal current. Further, 
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if T and dT are concentrated on a er-compact set L, then T|_{0 > r} 
and <9(T|_{0 > r}) are concentrated on L for a.e. reK. 

By Slicing Theorem 5.6 in [AKj, for any normal current T, we obtain 

(3.5) spt(dT) C spt(T). 

We explain ( I3.5p . however, we dose not recall the definition and prop- 
erty of the slicing. For detail, we refer to [AK]. Let us set = 
d(spt(T), •). Then, T = T|_{0 < r} for every r > 0. Hence, dT = 
(T, 0, r) — (dT) |_{0 < r} which is concentrated on {0 < r} for a.e. 
r > 0, where {T,<p,r) is the slicing of T by at r. Therefore, dT is 
concentrated on {0 = 0} = spt(T), and hence spt(<9T) C spt(T). 
Let us define N|(X) by 

N^(X) = {T E Nfc(X) | T has compact support}. 

Lemma 3.10. Let X be a metric space and A a subset of X . Let T G 
N|(X). We denote by i the inclusion A—¥X. Then, T G i#N c k (A) if 
and only if spt(T) C A. 

Proof. Let T G N c k (X). First, we suppose that T G L # N c k (A). Namely, 
there exists T' G N£(A) such that T = i#T'. Since T' has compact 
support, by (13. 2p . we obtain 

spt(T) C 6(spt(T')) C A. 

Let us suppose that spt(T) C A. Since NJ; is covariant, we may 
assume that A = spt(T). We define a map T' : T> k (A) — > R by 

(3.6) ru^=T(/>) 

for (/, 7r) G "D fc (v4). Here, 7r = (#j) and each 7fj is a Lipschitz extension 
of 7Tj to X with Lip(7fj) = Lip(7Tj). And, / is a trivial extension of /, 
i.e., it is defined by 

ft \ _. { f( x ) H x e A 
^ ' 1 otherwise. 

Since A = spt(T) is compact, / G B°°(X). Thus, T(/, •) is actually 
defined. If ft' G [Lip(X)] fc is another Lipschitz extension of n, then 
the strengthened locality of T implies T(/, 7r) = T(f,jr'). Therefore, 
the value T(f, n) is well-defined. Since / i->- / is linear, T'(/, 7r) is 
linear in /. A typical Lipschitz extension procedure Lip(A) 3 t \— > f G 

Lip(X) is homogeneous. And, it is clear that f + f — r + r' = on 
Ad{//0} for r, r' G Lip(A). By the strengthened locality of T, we 
obtain that T" is multilinear on P fe (y4). The locality of T' is implied by 
the strengthened locality of T. We define a Borel measure /i on A by 
/i(A') = || T || (A') for every Borel set A' C A. By the tightness of ||T||, 
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H is also tight. For any (/, it) G V k (A), 

\r(j,*)\ = \T{f,*)\<Y[Li P (n) f \f\d\\n 

= l[U P (n i ) J \f\dfx. 

Therefore, T' satisfies the finite mass axiom. 

Before checking that T" is continuous, we observe that 

(3.7) r(/,7r)=T(/,7f) 

for (/, 7r) G T> k (A). Here, / is an extension of / to X which is bounded 
Lipschitz with Lip(/) = Lip(/). For instance, taking a constant C > 
sup^ |/|, max{min{C, /}, — C} is a such /. Then, we have 

\T(f,w)-T(f,if)\ <f[Lvp(n) f |/-/|d||T|| 

= ;QLip(7r 4 ) / |/-/|d||T|| = 0. 

j=l Jspt(T) 

Hence, (J3HD holds. 

Let us take 7t^,7Tj G Lip(A) with sup ij Lip(7if) < L < oo such that 
7if —)• 7Tj pointwise on A as j — > oo for each i. We may assume that 
L = 1. The equi-continuitv f3T9l of T implies 

|T(/,7F)-T(/,7f)| 



<E{ / l/ll^-^|rf||9T||+Lip(/) / |^-^|d||T||} 

A; 

<£{l/u/ W-^idiiarn + LipC/)/ k-7r*|d||T||} 

i=1 k Jspt(dT) Jspt(T) J 

as j — > oo. Thus, we know that X" is continuous. □ 

Example 3.11 (Basic example[SK]). Let 9 G i/^R*). We define a 
current [0] G M fe (E fe ) by 



[0](f, tt) = / 0/d7ri A • • • A d7r fe = / 0/ det^/d^) d£ fe (x) 

for any (/, vr) G r> fe (IR fe ). Here, C k denotes the fc-dimensional Lebesgue 
measure. As mentioned in |AK] . we explain that [#] is actually a k- 
current in M fe . We notice that the derivatives dwi/dxj are defined at 
almost all points, due to the Rademacher's theorem. The continuity is 
implied by the weak star continuity of the determinants in W 1,0 °(M k ) 
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(see, for instance [AFP]). One can check that ||[#]|| = |#|£ fc . In par- 
ticular, ||[0]|| is concentrated on a cr-compact set. 

3.3. Integral currents. Let 7i k = 1-L k x denote the /c-dimensional Haus- 
dorff measure on a metric space A. A subset S of A is called a countably 
H k -rectifiable set if there exist countably many Lipschitz maps 4>j from 
Borel subsets Bj of R fc to X and 

oo 

7&(s-l>i( B i))=°- 

i=i 

Kirchheim [K] proved that all Bj and <\>$ can be chosen so that each 
Bj is compact, each <f>j is bi-Lipschitz on Bj and the family {<pj(Bj)} 
is disjoint. This fact is important for the theory of rectifiable currents 
in [ATT] . 

Definition 3.12 ((Integer) Rectifiable current [AKj ). Let k > 1. A 

current T G Mfc(A) is said to be rectifiable if T is concentrated on a 
countably "H fc -rectifiable set and ||T|| is absolutely continuous in T-L k on 
the Borel cr-algebra of X. 

Further, T is said to be integer rectifiable if it is rectifiable and for 
any open subset O G X and Lipschitz map : X — > M fc , there exists 
9 G L 1 (R k ,Z) such that (j) # {T[0) = [6]. 

We say that a O-dimensional current T G Mo (A) is rectifiable if 
there exist countably many points Xj G A and 0j G R such that T is 
represented by 



x jj 



3=1 

for each / G B°°(X). We write such a T as 



(3.8) T = Y,0. 



3 V X j\ 



We say that T G M (A) is integer rectifiable if it is represented as (13. 8p 
so that 0j- can be chosen to be integers. 

Remark 3.13. As mentioned in [RS] . every integer rectifiable 0-current 
can be represented as (13.81) by finitely many points Xj and integers Oj. 
Indeed, let us take an integer rectifiable 0-current T as (13.81) for some 
formally countably many Xj G A and 9j G Z. Let us consider a function 

e 3 >i 
which is bounded Borel on A. Since the value 

T(f) = E °i 
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is bounded, the number of all j with 9j > 1 is finite. As well as, the 
number of all j with 9j < — 1 is finite. Therefore, the index set {j} can 
be chosen to be finite. 

Definition 3.14 (Integral current |AKj ) . We say that a current T G 
Mfc(X) is integral if it is integer rectifiable and normal. The set of 
all £;- dimensional integral currents in A is denoted by Ifc(X). Also, 
we denote by I£(A) the set of all &;- dimensional integral currents in X 
with compact support. 

Lemma 3.15. Let <f) : X — >• Y be a Lipschitz map, ip G Lip(A) and 
let T G Nfc(X) be a normal current. If T is rectifiable (resp. integer 
rectifiable) , then so are <p#T and T\_{ip > r} for a.e. r G R. 

Proof. Recall that if T G Mfc(X) is concentrated on some subset A C 
X, then <f)#T is concentrated on <p(A). If A is countably "H fc -rectifiable 
in X, then so is <f){A) in y. Hence, if T is concentrated on a countably 
% fc -rectifiable set, then so is 4>#T. 

Let us suppose that T is normal. Since any normal current is ab- 
solutely continuous in 7i k and the normality is preserving under the 
push-forward, 0#T is absolutely continuous in % h . 

In addition, we suppose that T is integer rectifiable. Let us take 
an open subset O C Y and Lipschitz map / G Lip(Y, R fc ). By the 
definition of integer rectifiability, there exists 9 G L 1 (R fc ,Z) such that 

[9] = (/o0) # (TL0- 1 (O)) =/#((0#T)[p) 

Thus, 0#T is integer rectifiable. 

Let ip : A — > R be a Lipschitz function. Due to Localization Lemma 
5.3 in |AKj . TLJ^ > r } is normal for a.e. r G R. Then, T|_{?/> > r} is 
absolutely continuous in % k . Let S 1 be a countably % fc -rectifiable set 
in X on which T is concentrated. Then, 

\\T[{^j > r}\\{X -S) = \\T\\({il> > r} - S) = 0. 

Let us take an open subset O C X and / G Lip (A, R fc ). Since 

(TLW>>r})LO = TL({V>r}nO), 

there exists 9 G L 1 (R fc , Z) such that 

/ # ((nw>>r})Lo 

Thus, TLJV' > r } is integer rectifiable (resp. rectifiable) if so is T. □ 

Lemma 3.16. Let X be a metric space and A a subset. Let T G 
N£(A). We denote by i the inclusion A — y X. Then, T G I^(A) and 
spt(T) C A if and only i/T e t#I|(A). 

Proo/. Let (A, A) G Met 2 and T G N^(A). By Lemma 13151 if T G 
t # I^(A), then spt(T) C A and T G I^(A). 
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Let us suppose that T G 1%(X) and spt(T) C A. We may assume 
that spt(T) = A. Let V G N%(A) be defined as flU]) in the proof of 
Lemma [3. 101 Then, i#T' = T and // = ||T|| LA satisfies the condition 
of the finite mass axiom for T" on T> k (A). We check that T" is integer 
rectifiable in A. Since T" is a normal current in A, T" is absolutely 
continuous with respect to "H^. Let S be countably ^^-rectifiable set 
in X on which T is concentrated. We may assume that S = Ujli fj(Kj) 
for some compact sets itj C M fc and Lipschitz maps fj : Kj — >■ X. 
Since ||T||(X - A) = 0, we obtain fj,(A - S) = \\T\\(A - S) = 0. By 
the compactness of A, ifj = f~ 1 {fj{Kj) fl A) is a Borel set in M. k for 
each j. Hence, \x is concentrated on the countably ^^-rectifiable set 
AnS = (J- fj(Kj) in A. Therefore, ||T'|| is also concentrated on An5. 
We prove that T' is integer rectifiable. Let us take an open subset O 
of A and a Lipschitz map / : A — > IR fc . Then, there exist an open 
subset U of X and a Lipschitz map g : X — > IR fc such that O — U fl A 
and #1^4 = /. Since T is integer rectifiable, there exists 9 G L 1 (M fc ,Z) 
such that g#(T[U) = [6]. We see that T[U = (l#T')[U = t#(T'[0). 
Indeed, for any (/, n) G V k (X), 

(l # T>) [U(f, vr) = T'(l f o t, (vr, o t )) = i#(T'[0)(f, vr). 

Therefore, we obtain 

M = 9#(T[U) = g # L # {T\0) = U(T'[0). 

Hence, T' is integer rectifiable. It completes the proof. □ 

4. Homologies which will be compared 

In this section, X and Y always denote metric spaces. We will recall 
the definitions of the singular Lipschitz (relative) homology and the 
(relative) homology of integral currents with compact supports. To 
compare these theories, we provide a natural transformation between 
them, according to [RSJ. 

4.1. Singular Lipschitz homology. For a metric space X, a singu- 
lar Lipschitz simplex, chain, complex and homology of X, are defined 
by a similar manner to corresponding usual singular ones of X, re- 
placed continuous by Lipschitz. For the completeness, we recall their 
definition. 

Let A k denote a regular fc-dimensional simplex. We consider A fc as 
a subset of the Euclidean space M. k and equip on it a metric defined by 
the restriction of the Euclidean metric. As usual way, choosing some 
geometrically independent vectors e , e x , • • • , e^ G M. k , we write 

A fc = [e ,--- ,e k }. 

A singular Lipschitz k-simplex of X is just a Lipschitz map from A fc 
to X. We denote by S%(X) the subgroup of the usual group Sk(X) of 
singular /c-chains of X with integer coefficients, generated by singular 
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Lipschitz /c-simplexes of X. An element of S%(X) is called a singular 
Lipschitz /c-chain of X. Let b denote the boundary operator of the 
singular complex S*(X) defined by 



* = E(- X ) v i 



eo,— ,ei,---,efc 



for each /c-simplex a : [e , • • • , e fc ] — >■ X. Then, S^(X) becomes a 
subcomplex of iS*(X) with respect to b, which is called the singular 
Lipschitz complex of X. Its homology is called the singular Lipschitz 
homology of X and denoted by H^(X). The usual singular homology 
is denoted by i?*(X). The image of a singular Lipschitz chain c = 
X^ a a a E S?(X) is given by 

im(c) = M im(cr). 

a CT ^0 

A locally Lipschitz map : X — > Y induces the chain map 0# : 
S^(X) — > S'f'(y), called the push- forward of 0, which is defined by a 
linear extension of the map 

0#cr = 0" ° 

for each singular Lipschitz simplex <r in X. 

Let A be a subset of X. The inclusion 6 : A — >■ X is an isometric 
embedding. Then, the image l#S^(A) oiS^(A) under the push-forward 
l# becomes a subcomplex of S^(X). Since 6 # : S^(A) — V S^(X) is 
injective, we will not distinguish i#S^(A) and S^(A) and regard S^(A) 
as a subcomplex of S*(X). The quotient complex 

is called the singular Lipschitz complex of the pair (X, A). Its homology 
is denoted by H^(X,A) which is called the singular Lipschitz relative 
homology of (X, A). 
We immediately obtain 

Proposition 4.1. iff 1 is a covariant functor from Met2 to Ab. 

Like the usual singular homology theory, we can also consider the 
reduced singular Lipschitz homology H^(X) for each X G Met, which 
is the homology of an augmented chain complex 

...-». s^(x) -». Sj^pQ -► • • • -+ 5 L (x) 4 z -». o, 

where e' is given by ^'(XLex a ^ x ) = 12 x ex a x- The map e' is called 
an augmentation. Note that e' is surjective. Then, H^ becomes a 
covariant functor from hMet to Ab. It is clear that H£(X) = Hfc(X) 
for every k > 1. 
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4.2. Homology of integral currents. We already defined integral 
currents in a metric space X in Section [3J The whole set of them was 
denoted by 1*(X). 

Theorem 4.2 (Boundary Rectifiability Theorem |AK} Thereom 8.6]). 
1*(X) is a subcomplex o/N*(X). Namely, if T G lk(X), then dT G 

h-i(X). 

We recall that 1+(X) is the whole set of integral currents in X with 
compact supports. 

Proposition 4.3. I* is a covariant functor from the category of all 
metric spaces as objects together with Lipschitz maps as morphisms to 
C(Ab), andll is a covariant functor from Met to C(Ab). 

Proof. By Theorem l4.2l and Lemma f3. 151 we know that I* is a covariant 
functor from the category of metric spaces together with Lipschitz maps 
to C(Ab). Let X be a metric space and T G I%(X). By (j33]h spt(dT) 
is compact, and hence dT G I^_ 1 (X). Let : X — > Y be a locally 
Lipschitz map. The push-forward 0#T has the meaning as follows. Let 
i : spt(T) — > X be the inclusion. By Lemma 13. 161 there exists a unique 
T" G I£(spt(T)) such that i#T' = T. Then, 0#T is defined by (0 o 
i)#T', which has the meaning, because 0o i ; spt(T) — > Y is Lipschitz. 
Hence, we have 0#T G lk(X)- In general, (0 o t)#T' is concentrated 
on o t(spt(T)) = 0(spt(T)). Since spt(T) is compact, we obtain 
spt(0#T) C 0(spt(T)). Therefore, 0#T has compact support. □ 

For a subset A of X, the inclusion l : ^4 — > X induces a subcomplex 
i#Il(A) of I£(X). Since i# is injective, we regard 11(A) itself as a 
subcomplex of ll(X). We set 

i:(x,a) = i:(x)/i:(a). 

This chain complex is called the complex of integral currents in (X, A) 
with compact supports. Its homology is called the relative homology 
of integral currents in (X, A) with compact supports and is denoted by 

Hl c (X,A). 

For T G M k (X) and t G [0, 1], we define T x [t] G M k (X x [0, 1]) by 

Tx[t]= i m T } 

where i t : X — > X x [0, 1] is an isometric embedding x >->■ (x, t). 

Definition 4.4 (|Wl Definition 3.1], cf. [Ml Definition 10.1]). For a 
metric space X and a current T G Mfc(X), we define a multilinear 
functional T x [0, 1] on V k+1 (X x [0, 1]) by 

(Tx[0,l])(/, *■!,..., *•*+!):= 

fc + l „l r, 

^2(-iy / T [ft-Q ^,nit, ■ ■ ■ ,ikt, ■ ■ ■ ,K k+U )dt 
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for(/,7T 1 ,...,7r fc+1 )G^ +1 (Xx[0,l]). 

In general, because of the product T x [0, 1] is defined by using 
the derivatives d7i it /dt, it is not expected that the continuity holds. 
However, if T is a normal current, then the following holds. 

Theorem 4.5 ([WJ Theorem 3.2] cf. |AKj Propositions 10.2 and 10.4]). 
ForT G N fc (X) with bounded support, Tx [0, 1] G N t+1 (lx[0, 1]) with 
the boundary d(T x [0, 1]) = T x [1] - T x [0] - dT x [0, 1]. Moreover, 
ifTe I c k (X), then T x [0, 1] G T fe+1 (X x [0, 1]). 

In particular, Theorem 14.51 implies that the correspondence 

(■) x [0,1] :lt(X) ^ r k+1 (X x [0,1]) 

is a chain homotopy between 2 # and i\#, where i t : X — > X X [0, 1] is 
an isometric embedding x \- > (x,t) for t G {0, 1}. It follows 

Proposition 4.6. H* is a covariant functor from Met2 to Ab. 

4.3. A natural transformation. We provide a natural transforma- 
tion from S* to II on Met2- It was defined by [RSJ. 



Definition 4.7 QRS]). Let X be a metric space and k > 0. A map 
[■] = [ 4 ]x '■ S%(X) — y Ifc(AT) is defined by the linear extension of the 
map 

for each singular Lipschitz fc-simplex a : A fe — > X. Explicitly, for a 
singular Lipschitz fc-chain c = J2a a ^ (T e S*(X), [c] is given by 

[c](/,T) = y><r / foa(x)-det(V(noa)(x))dC k (x) 
a jAk 

for all (f,n) eV k (X). 

For c G S^(X), [c] is actually an integral current with compact 
support, because [1^] is an integral current in A k . And, [•] : S^(X) — > 
I*(X) is a chain map. Namely, for any singular Lipschitz /c-simplex a 
in X, we have 

d[a] = [bo-]. 
It follows from the following Stokes's theorem: 



dfi A df 2 A • ■ • A df k = / hdf 2 A ■ • • A df k 

A k JdA k 

holds, for Lipschitz functions /i, • ■ ■ , fk on A fc . This is shown by a 
standard mollifier smoothing argument. 
We note that 

spt([c]) C im(c) 

for any singular Lipschitz chain c in X. In general, it is not an equality. 
For instance, let a : A fc — > X be a singular fc-simplex with k > 1. If 
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a is a constant map, then ||[cr]||(X) = 0. In particular, [a] = and 
spt([cr]) = which is a proper subset of im(er). 

Proposition 4.8. [■] is a natural transformation from S^ to I£. 

Proof. Let X and Y be metric spaces and : X — > Y a locally Lipschitz 
map. For each singular Lipschitz fc-simplex o : A k — > X, we have 

# [<x] =0 # a # [l Afc ] = [0 # <j]. 

Therefore, [■] is natural. It complete the proof. □ 

Further, one can define a natural transformation [•] from S^(- , •) 
to I£( • , • ) on the category Met2 in a similar manner to defining the 
above [■]. It induces a natural transformation 

(4.1) [■] : Hi -)- Hi c 

on the category Met 2 . We recall that a main purpose of the present 
paper is to prove that the natural transformation (j4.ip is a natural 
isomorphism on a suitable category containing Met 2 
For 0-th chains, we remark 

Lemma 4.9. [■] : Sq(X) — > 1q{X) is isomorphic for every X G Met. 

Proof. Due to Remark 13.131 we note that IqPO = Iq(X). Then, we 
already know that [•] : Sq(X) — > 1q(X) is surjective. Let us take 
singular (Lipschitz) 0-chain c = J2 x &x a % x e So(X) with c^ 0. Let 
us choose x & X with a x ^ 0. Then, we have 

[c](l w ) = a x .^0. 

It follows that [•] is injective on Sq(X). D 

4.4. Poincare type lemma. In this subsection, we prove an impor- 
tant property for homologies H^ and H\ c on WLLC spaces. 

Lemma 4.10. Let H denote one of the homologies H\F and H^ for 
k > 1 and j > 0. Let V be a metric space and a subset U C V. If U 
is Lipschitz contractible in V , then the inclusion i : U —$■ V induces a 
trivial map t* : H(U) — > H(V). 

Proof. We first consider the case that H = H\p . Let <p be a Lipschitz 
contraction from U to some point Xq G V in V. Namely, ip : Ux [0, 1] — > 
V is a Lipschitz map such that ipo is the inclusion i : U — > V and <p>\ is 
the constant map with value Xq. By Theorem I4.5[ for k > 1, the map 

^ # ( • x [0, 1]) : 1%{U) -> i^ +1 (y) 

satisfies that for every T G Ifc(tZ'), 

d V# (T x [0, 1]) = -l # T - ^ # (9T x [0, 1]). 

Therefore, if T G !%{U) satisfies 9T = 0, then ip # (T x [0, 1]) G I^(V) 
has the boundary 

%(Tx[0,l]) = - t# T. 
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Hence, the induced map t* : Hj. (U) — > Hi (V) is trivial. 

We note that the standard chain homotopy operator defined on 
S*(X) preserves Lipschitz-ness of singular chains. By using it, one 
can prove Lemma 14.101 for H = H , L . It completes the proof. □ 

Definition 4.11. Let C be one of Ab and C(Ab). For a covariant 
functor H : Met — > C, a metric space X is said to be (H) -locally trivial 
if for any igl and any open set V in X with x G F, there exists an 
open set U with x G U C V such that the map H(l) : H(U) ->■ H(V) 
induced by the inclusion i :[/—>■ V is trivial. 

Let us denote by Met' ^" the fullsub category of Met consisting of 
all (if )-locaIly trivial metric spaces. 

In Section |5l we will recall the notion of (pre)cosheaves. By using 
this terminology, X G Met is (H )-locally trivial if and only if regarding 
if as a precosehaf on X, H is locally zero. 

Obviously, every X G Met is (if,) -locally trivial for every j > 0, 

where H* is the usual reduced singular homology. In several literatures 
about algebraic topology, the (if*)-locaHy triviality is also called the 
locally connectedness. 

Proposition 4.12. The {H) -locally triviality is inherited to open sub- 
sets and is stable under locally bi-Lipschitz homeomorphisms. 

Proof. Let X G Met (i/)_LT and X' an open subset of X. Let us take 
x G X' and an open neighborhood U of x in X' . Then, there exists 
r' > such that Ux(x,r') C U. Here, Uy(y,s) denotes the open ball 
centered at y with radius s in a metric space Y. Since X is (H )-locally 
trivial, there exists r G (0,r'] such that the inclusion i : Ux'{x,r) = 
Ux(x,r) — > Ux{x,r') implies a trivial map H(i) = 0. Since inclusions 
l' : Ux(x,r') — > U and t" : Ux>(x,r) — > U satisfies i" = t'ot, the 
induced map is trivial: 

H(l") = H(l') o H(l) = 0. 

Therefore, X' is (if )-locally trivial. 

Let X G Met (H) " LT , F G Met. Let / : X -> F be a locally bi- 
Lipschitz homeomorphism. We may assume that / is a bi-Lipschitz 
homeomorphism. Let us take y G F and an open neighborhood V 
of y in F. Set x = f~ l (y) & X, L = max{Lip(/), Lip(/ -1 )}, then 
we obtain r > such that Ux{x,r) C f^ 1 (V) and if(t) = for the 
inclusion i : Ux(x,r) — >■ / _1 (F). Then, Uy{%j,L^ x r) C V and the 
inclusion t' : Uy{y, L~ l r) — > V is geven by </ = / _1 o t o /, and hence 
if (//) =0. D 

By Lemma [4.101 we immediately obtain 

Corollary 4.13 (TheoremOD. f/X G Met WLLC ; ^en X G Met ( ^" LT 
/or H = Hj, Hf and H{ c with j > and fe > 1. 
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We define a condition for metric spaces by using unified terminol- 
ogy, which is corresponding to a condition introduced by Riedweg and 
Schappi at |RSl Definition 2.5]. 

Definition 4.14. Let us consider a covariant functor € : Met — > C(Ab) 
satisfying the following: 

• For X G Met and any open set U C X, the map i# : C(U) — > 
£(X) induced by the inclusion i : U — > X is injective. 

• For j > 0, X G Met and T G <tj(X), there exist a unique 
compact set K(T) C X such that for every open set U C X 
with K(T) C U, there exists X" G £j(U) with 6#T" = T, where 
t : £7 — > X is the inclusion. 

• For j > 0, X G Met and S G £ i+ i(X), K(6S) C K(S), where 6 
is the boundary operator of the chain complex €(X). 

• For each X G Met, an augmentation e = ex '■ <£o(X) —¥ A(X) 
of the chain complex £(X) is given, i.e., eb\ = 0, for some 
A(X) G Ab. 

Let j G Z>o- A metric space X admits a local cone inequality for £j 
if for any x G X, there exist r > and a continuous non-decreasing 
function F : [0, oo) — > [0, oo) with F(0) = such that for every T G 
£,-(X) with X(T) C U(x,r) such that 6T = when j > 1 and that 
eT = when j = 0, there exists 5 G £ J+ i(X) satisfying bS = T and 
diami^S) < F(diamX(T)). 

For example, S 1 *, S'^ and 1° satisfy conditions imposed to £ with 
respect to K(-) = im(-) and K(-) = spt(-), respectively, for any aug- 
mentations. 

Proposition 4.15. Let €, : Met — > C(Ab) be a covariant functor sat- 
isfying the property written in Definition \4-14\ Let j > 0. If a metric 



space X admits a local cone inequality for Cj, then X is (Hj(<£)) -locally 
trivial. Here, H*(<t) is the reduced homology of <£ with respect to the 



augmentation e given in Definition 4-14 



Proof. Let X admit a local cone inequality for £.,■. Then, for x G X, 
there exists r > and F : [0, oo) — y [0, oo) satisfying the condition 
written in Definition 14.141 For any s G (0, r), we choose s' G (0, s) with 

s' + F(2s') < s. 

Let us take any T G £j{X) with K(T) C U(x,s') such that bT = 
when j > 1 and that eT = when j = 0. Since s' < s < r, there exists 
5 G <£j + i(X) such that bS = T and 

diamX(5) < F(diamX(T)). 

For any y G if(T) C -^(5) and z G K(S), we have 

d(x, -z) < d(z, y) + d(y, z) < s' + F(2s') < s. 
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Hence, K(S) C U(x,s). Therefore, the morphism 

H 3 (£(U(x,s'))) -> H 3 (£(U(x )S ))) 
is trivial. It completes the proof. □ 

5. COSHEAVES 

In this section, we recall the notion of (pre)cosheaves on a topological 
space, together with its fundamental theory. This is useful to compare 
two different homologies. For detail, we refer to the book [B] and the 
papers [B2] and [DP] . 

We will define certain precosheaves of currents on a metric space, 
and prove that they are actually cosheaves. 

5.1. Cosheaves. Let X be a topological space. Let us denote by 0(X) 
the set of all open subsets of X. We regard 0(X) as a category as 
follows: objects are all U G 0(X) and there exists a unique arrow 
U — > V if and only if U C V and there is no arrow from U to V 
otherwise. 

Let us denote by Ab the category of all abelian groups and by C(Ab) 
the category of all chain complexes. Let C be one of Ab and C(Ab). We 
call a covariant functor 21 : 0(X) — > C a precosheaf on X (to C). We 
only consider a precosheaf 21 satisfying 21(0) = 0. When U C V, the 
morphism 2l(£7 ->■ V) is denoted by i v ,u '■ 2l(£7) ->■ 2l(V). 

A precosheaf is called a cosheaf if for every family U = {U a } ae i of 
open subsets in X with U = {J a U a , the sequence 

(5.1) 2l([4 o n[/ Ql )4 02l(£/ Q )4 2l([/)^O 

is exact, where e = J2 a iu,u a and / = E ao , ai iu ai ,u ao nu ai -iu ao ,u aQ nu ai ■ 
In general, e o / = 0. 

There is another characterization of cosheaves: 

Proposition 5.1 ([Bj Chapter VI, Proposition 1.4]). Let 21 be a pre- 
cosheaf on X . Then, 21 is a cosheaf if and only if it satisfies the fol- 
lowing two conditions: 

• For any open sets U and V in X, the sequence 

%{U n V) U %(U) © %{V) 4 2l(£7 ui/)^o 

is exact. 

• If a family {U a } of open sets in X is directed upwards by inclu- 
sion, then the map 

Iiin2l([/ Q ) -+%(U) 

induced by {iu,u a }, is isomorphic, where U = [j a U a . 

We say that a precosheaf 21 on X is flabby if for any U G 0(X), the 
morphism 2l([7) — > 2l(X) is a monomorphism. 
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5.2. Singular (Lipschitz) cosheaves. We provide elementary exam- 
ples of (pre) cosheaves. 

Example 5.2 ([BJ, Singular cosheaf ©*). Let X be a topological space 
and k > 0. We recall that Sk{X) is the usual singular chain k-th 
complex of X. Then, the correspondence 0(X) 3 U !->■ S k (U) G Ab is 
a flabby precosheaf on X. In general, S k is not cosheaf. 
Let us consider a sequence of the barycentric subdivisions 

S k (X) ^ S k (X) **>...**> S k (X) ^ ■ ■ ■ 

Its direct limit is denoted by & k (X). Namely, & k (X) is the quotient 
group of Sk{X) identifying c and d G Sk{X) whenever Sd m (c) = 
Sd m '(c') for some m,m' > 0. Then, O(X) 9(74 6 fe (£7) G Ab be- 
comes a flabby cosheaf. Since the subdivision Sd and the identity Id 
are chain homotopic to each other, there is a natural isomorphism 

H,(X) = #*(6*(X)). 

We remark that for any subset A G X, &{A) — > &{X) is injective. 
Obviously, S (X) = 6 (X). 

Example 5.3 (Singular Lipschitz cosheaf <Sj). Let us suppose that X 
is a metric space. By a similar manner to Example 15. 2[ we can define 
an abelian group 

Bi(X) := hm (SJ:(X) ^ S L k {X) **> ■ ■ ■ ). 

Then, 0(X) 3 U \-t & k (U) G Ab is a flabby cosheaf on X and naturally 

H^{X) S ff*(6^(X)). 

Let X be a metric space. Since [Sd m c] = [c] for every m > and 
cGS fc L (X), 

(5.2) [•] : ei (X) 4 I^(X) 

can be defined. We will use this to compare with H% and H\ c ' . 

5.3. Cosheaves of currents. Let us suppose that X is a metric space. 
Let us regard N^ and 1° as precosheaves on X to C(Ab). By Lemma 
I3.4[ they are flabby. We prove 

Proposition 5.4. N^ and II are flabby cosheaves on X to C(Ab). 



Proof. We only check two conditions in Proposition 15.11 We first con- 
sider N£. Let us prove that if a family {U a } of open sets in X is 
directed upwards by inclusion, then the homomorphism 

(5.3) to$iu,u a ■ !imN c fc ([/ Q ) -4 N° k (U) 

is isomorphic, where U = {J a U a . Since taking the direct limit is an 
exact functor and N£ is flabby, (15.31) is injective. Let us take T G 
N£([/). Since spt(T) is compact and {U a } is directed by inclusion, 
there exists a with spt(T) C U a . Hence, (15.31) is surjective. 
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Let U, V G 0(X). We prove that 

(5.4) o ->• N c k (u n v) -4 N c k (u) © N£(v) 4 N£(c/ uy)^o 

is exact. Here, f(T) = (—T,T) and e(T,T') = T + T'. It is trivial that 
/ is injective. To check that e is surjective, let us take T G N£(Z7 U V). 
We consider the distance function d from X — V . Since spt(T) is 
compact, there exists r > such that 

spt(T) n{rf<r}c(/. 

Retaking r if necessary, by Localization Lemma 5.3 in |AK] . we may 
assume that T\_{d < r} is normal. By the choice of r, we have S := 
T[{d < r} G N£(17) and 5' := T[{d > r} G N£(F). Note that we 
now used Lemma 13.101 intrinsically. Hence, e is surjective. Next, we 
prove that im/ D kere. To do it, let us take (5, S') G N£(17) © N£(y) 
satisfying S + S' = 0. We see that spt(S') C V. If it fails, then there 
exists x G spt(S') — V such that for every r > 0, US'! ([/(a;, r)) > 0. 
Since 

\\S\\(U(x,r))<\\S + S'\\(U(x,r)) + \\S'\\(U(x,r)), 

we have ||5"||(C/(a;, r)) > 0. However, x G" spt(S"). It is a contradiction. 
Hence, spt(S') C U D V. As well as, we obtain spt(S') C(7nF. It 
turns out that (15.41) is exact. Due to Proposition 15. 1[ N£ is a cosheaf 
on X. 

One can also prove that Y k is a cosheaf on X as well as N£. It just 
suffices to remember that if T is integral, then so is T\_{d < r} for a.e. 
r el. □ 

Remark 5.5. De Pauw proved a similar statement to Proposition 15.41 
for currents in subsets in a Euclidean space ( |DP1 ]). 

5.4. Cech chain complex. Let X be a topological space. We denote 
by Cov(X) the class of all open coverings of X. Namely, an element 
U G Cov(X) is a map U : I 3 a ^t U a E O(X) with an index set / such 
that Uag/ U a = X. We also regard Wasa family {U a } ae j of open sets. 
For a while, we fix one open covering U = {U a } ae j of X. The nerve 
N(U) of U is an abstract simplicial complex defined as follows. For 
indexes «o, «i, • • • > ctk £ J, we set U aoai ---a k '■= U ao nU ai n- ■ -nU ah . The 
zero-simplexes are all elements a € I with [/„ 7^ 0, the one-simplexes 
are all pair (a , «i) G I x J with C/ Qoai 7^ 0, the two-simplexes are triple 
(cto, «i, 02) of indexes with C/ aoQlQ2 7^ and so on. 

Let 21 be a precosheaf on X. For k > 0, we set an abelian group 

C k (U;Ql):= 2l(f/ ao ... Q J 

(aOi'" i°fc) : fc-simplex in N(U) 

and call it the group of Cech k-chains ofU coefficients in 21. For fe > 1, 
we define a map 

$ fc = $£'*: C fc (W; 21) ->C fc _i(W; 21) 
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by 




k 


(5.5) 


*r= 


(ao,ai, — ,a k ) j=0 



, Ua ---a k 

(ao,ai, — ,a k ) j=0 
-JAM 



The map $ x ' is none other than / in (15. ip . We set $o — 0. The 
sequence of maps {$ fe ' }k>o 

> C k (U; 21) ^ ► C X (U; St) -> Cl)(W; 21) ^ 

becomes a chain complex. Its homology 

H k (U; 21) = ker $ fc /im$ fe+1 

for k > 0, is called the Cech homology of U coefficients in 21. 
Also, there is a canonical augmentation 

(5.6) e = e u '* : C Q (U] 21) -> 21(A) 

defined by £ w,a = Y^ a ix,i/ a , which is none other than e in (I5.ip . Recall 
that if 21 is a cosheaf, then e is surjective and keTe/iia^ 1 ' = 0. In 
addition, if 21 is flabby, then the following holds. 

Proposition 5.6 ([B, Chapter VI, Corollary 4.5]). Let X be a topo- 
logical space and 21 be a flabby cosheaf. Then, Hk{U;^i) = for any 
k > 1 and any U G Cov(X). 

For two open coverings U and V of X, we say that V is a refinement 
of U if there exists a map A : V — > U such that for every V G V, 
V C A(V). We denote by V >: U this situation and call such a map A 
a refinement projection. A refinement projection A : V — > U implies a 
chain map A# : Cfc(V; 21) — > C).(U] 21). We remark that 

holds. We will use this formula in the proofs of main results. 

Incidentally, for a refinement V >z U, a morphism A* : i?*(V;2l) — > 
i7*(W;2l) is induced and is determined independently on the choice of 
refinement projection A : V — > 14. The inverse limit 

^(X;2l):=hm^(W;2l) 

with respect to ^, is called the Cech homology of X coefficients in 21. 

5.5. Locally triviality. A precosheaf if on A is said to be locally zero 
or locally trivial if for every x G A and every U G 0(A) with x G U, 
there exists U' G 0(A) such that x G U' C U and H{U') -> #(*/) is 
trivial. 

A topological space A is paracompact if for any open covering of 
A, there exists a locally finite refinement of it. We remark that every 
metric space is paracompact. 
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Proposition 5.7 ( |B2| Theorem 4.4], [DPI Proposition 2.8]). Let X be 
a paracompact space. Let H be a locally zero precosheaf on X . Then, for 
any open coveringU G Cov(X), there exists its refinement V G Cov(X) 
with a refinement projection A : V — > U such that ifVo, ■ 
Vo n • • • n V p ^ ; then 



V p eV with 



is trivial. 



H{v n • • • n v p ) -> H(X(v ) n • • • n A(ig) 



6. Comparing the homologies 



In this section, we prove that the natural transformation [•]* is a 

natural isomorphism from H% to H\ c on a suitable category containing 
Met WLLC ^ or |\/| et WLLC^ At the end of thig sectiori5 we a i so prove the 

inclusion t : S 1 ^ — y S* induces the natural isomorphism between the 
functors H* and H^ on Met^ LLC . 

6.1. Double complex. In this subsection, we recall some basic fact 
(Proposition 16.11) to compare homologies by using augmented double 
complexes. For precisely, we refer to |DPj or some book about homo- 
logical algebra. If one well know about Proposition 16.11 then one can 
skip this subsection. 

Let us consider the following diagram 



(6.1) 



i2,0 



M' % 



> A 2 ,2 > A Xt2 > A,2 — ! — » M 2 > 



* A * A * A e 

— > A,i y A,i y Au — 



8 

■» Mi : 

a 



'" -> A? n y A,o y A n — — y M y 



M[ 



M' 





of morphisms among abelian groups A*,*, M* and M*. Suppose that 
all rows and columns are chain complexes and that this diagram com- 
mutes. In this subsection, we does not use an information about Ml 
and e' . So, we may consider as M* = 0, for a while. Such data 
A,* = (A,*,$, ^) is called a double complex and (A* : *,M*,e) = 
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((A*,*, $, \1/), (M*, d),e) is called an augmented double complex (by an 
augmentation e). In other words, the sequence of chain maps 

•■■->• Ap,* -> Ap_i,* ->••■-> A>,* -)• M* ->• 

is a chain complex of chain complexes. 

The total complex of A,* is a chain complex A* defined by 



m — \T7 



p+q=m 

with the boundary map A = J2 p + q=m ®g + (~ 1 ) p ^p : A m -» An-i- Its 
homology is denoted by if* (A*,*) := #*(A«). 

The morphisms e : A),* — >■ M* induces a morphism 

£* : if* (A*,*) — )• H*{M*). 

Proposition 6.1. Let (A=,*,M*,e) 6e an augmented double complex as 
above. Let m > 0. 7/ £/ie sequences 

A m - q , q -> An, 9 -> > A,g -> A,<? -> M g -> 

m (16. ip are exaci /or g = 0, 1, • • • ,m, then e* : /f m (A*,*) — > H m (M*) 
is surjective. Further, e* : if m _i(A,*) — > £f m _i(M#) zs isomorphic, 
whenever m > 1. 

Sketch of the proof. The complete proof is written in several litera- 
tures, for instance, it exists in |DPj . We just prove that e* is surjective. 
Let us take c G M m with 9c = 0. Since e : A,m — > M m is surjective, 
there is an element co, m G Ao,m such that eco, m = c. By the assumption 

on c, we have e\l/co, m = cteco, m = 0. Since A,m-i - > Ao, m -i — ► -A^m-i 
is exact, there exists ci im _i G A,m-i such that $ci im _i = \I/co, m . 
By using the assumption and repeating such an argument, we obtain 
c fc)m _ fc G At,m-fc such that 

^Wc,m— fc ^Wc— l,m— fc+1 

for 1 < k < m. So, we find out {c k , m -k)k G 0™ =o 4, m _i = A m with 
A((cfc, m -A:)) = 0. Therefore, e* : if m (A„,*) — > H m (M*) is surjective. D 

6.2. Fixing the notation. To compare H^ and H% , we fix the no- 
tation. Let X G Met and let V = {%} G Cov(X). Let $ denote a 

v ©^ v i c 

map $*' * or $* ' * defined as (15.51) . which is the boundary map of the 

Cech chain complexes (of V coefficients in <3* or in I£). Let £ denote 

e v ' 6 * or e^' 1 * defined as (15.61) . which is the canonical augmentation of 

the Cech chain complexes. 

Let q > 1. The morphisms 

& : 6j(K) -► SjLiTO and d : I c q (V a ) ^ I^V*) 

for a G iV(V) imply the morphisms 

b : C P (V; S L q ) -► (7 P (V; 6^) and 9 : (7 P (V; I*) -► tf,(V; 1^) 
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for p > 0. Thus, we regard (7*(V; (3f) and (7*(V;I^) as double com- 
plexes. Further, let W G Cov(X) with a refinement projection A : V — > 
U. Then, 

A#ft = b\# and A#<9 = <9A# 

hold. 

Let p > 0. Let us set 

Cp(tf(V))= Z(a) 

u=(ao,-" ,c«p): p-chain of N(V) 

which is the p-th chain complex of the nerve N(V) as abstract simplicial 
complex. We will not use the boundary map of this chain complex. For 
each p-chain a = (a , • • • , a p ) G N(V), a canonical map e' : &o(V a ) — > 
Z (cr) is defined by 

j j 

where Oj G Z and Xj G V^-. This induces an augmentation 

e':L7 p (V;6 L )^C p (iV(V)) 

of the chain complex (C P (V; ©*), b). As well as, we can define an 
augmentation 

e':C p (V;I c )^C p (N(V)) 

v T — 

of the chain complex (C p (V; I*), 9), via an identification [•] : ©q(V^) ji > 
Io(K-) for each a G N(U). We does not distinguish the two symbols e' . 
Let V = {V^}, U = {Up} G Cov(X) with a refinement projection 
A : V ->■ W. Then, a map A # : C P (JV(V)) ->■ C P {N(U)) is induced by 

\ # a = (A(a ),--- ,A(a p )) 
for each p-simplex a = (cto, • • • , a p ) G iV(V). Further, 

#^ ~ ^ # 
holds. Indeed, the diagram 



Z(o-) — ^ Z(A # <t) 
commutes for every a G N(V). 
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6.3. Injectivity. We prove 

Theorem 6.2. Let m > 0. If X is an (H) -locally trivial space for 
H = Hf with < j <m, then [•]_ : H^(X) -)> H^'(X) is infective. 

Proof. Let us choose Wo, • • • Mm+i G Cov(X) such that for each < 
p < m, Up is a. refinement of W p+ i together with a refinement projection 
\ p : U p — y U p+ i satisfying the following: for finitely many elements 
U ao , • • • , U ak G Up, the morphism 

H^(u ao n • • • n c/ a J -> H^(x p (u ao ) n • • • n A p (c/ a J) 

is trivial. 

Let us take c G (3^(X) with be = 0. Since (5f is a cosheaf on X, by 
Proposition 16. 1\ we obtain Ck, m -k £ Cfc(W; 6^_ t ) for < /c < m such 
that 

£c , m = c and $c fcim _ fc = 6c fc -i, m -fc+i 
for 1 < k < m. 

Let us assume that there exists T G I^ +1 (X) with <9T = [c]. It 
suffices to show that there is d G &^ +l (X) such that be' = c. Since e : 
(7 (W; I^ +1 ) -4 I c m+1 (X) is surjective, there exists T^ m+1 G £ (W; I^ +1 ) 
such that e(To jm +i) = T. We obtain e(dT ^ m+ i — [co, m ]) — 0. Since 

Ci(W; I£j ^> C (W; I£J 4 I^(X) is exact, there exists T ljm G Ci(W; I£J 
such that 

Then, we obtain $(<9T ljm + [ci )jre _i]) = -<9[c 0jm ] + [&c , m ] = 0. The 
exactness of the sequence C 2 (U;I ( ^ n _ 1 ) — > C'i(W;I^_ 1 ) — > C , (W;I^ l _ 1 ) 
implies the existence of T 2i?n _i G C^W; I^-i) such that 

$(T 2 ,™.-i) = dT ljfn + [ci ifn _i]. 

By repeating this argument, we obtain Tk, m +i-k G Ck(U; I^ +1 _ fe ) for 
< fe < m + 1 such that 

(6.2) $(Tfc )m+ i_fc) = dT k _i m+ 2-k + (—1) [cfc-i,m+i-/c] 

holds for 1 < k < m + 1 . 

We consider T m+ i )0 G C7 m +i(W;Io). Since C7 m +i(W;Io) is isomor- 
phic to C m+ x(U] &q) naturally, there exists a unique element c m+ i : o G 
C m+1 (U; &q) such that [c m+ i, ] = T m+ i )0 . We calculate £'$(^+1,0) as 
follows. 

^(cWlo) = e'Hlcm+ifi]) = (-l) m+ V[c m , ] = (-l) m+ V(c m , ). 

By the choice of W = Wo and Ao : Wo — > Ui, there exists c m ,i G 
C m (Ui, 6f) such that 

&(c m ,i) = A 0# ($(c m+li0 ) + (-l) m c mi0 ). 

Then, we have 

&$(<Vm) = (-l) m A 0# $(c m , ) = (-l) m A 0# 6c m _ lil . 



LLC AND THE HOMOLOGY OF CURRENTS 31 

By the choice of Ai, there exists c m _i i2 G C* m _i(W 2 ; &%) such that 
6(0*1-1,2) = Ai # ($(c m ,i) + (-l) m_1 A 0# c m _i il ). 

By repeating such an argument, we obtain c m _ fc)fe+ i G C m „k(Mk+i\ I&+1) 
for 1 < fc < m such that 

6(c m -fc,fc+l) — Afc#($(c m _fc+i ) A:) + ( — l) m \k-l# c m-k,k) 

holds for 1 < k < m. Here, Afc_i = \ k -i o • ■ ■ o Ai o A . 
Let us consider e(co, m +i) G &^ +1 (X). It satisfies 

In particular, we know that c is the boundary. Therefore, [•]* is injec- 
tive. D 

Corollary 6.3. If X is an (Hq) -locally trivial space, then [•]* : Hq(X) — > 
Hq (X) is an isomorphic. 

Proof. In general, [•] : &q (X) — > 1q(X) is an isomorphic. Hence, [•]* : 
Hq(X) — > Hq(X) is surjective. By Theorem 16.21 [•]* is injective. It 
completes the proof. □ 

6.4. Surjectivity. We prove 

Theorem 6.4. Let m > 1. If X is an (H) -locally trivial space for 
H = Hj" and H]p with < j < m — 1 and 1 < k < m, then [•]* : 
H^(X) ->■ H^(X) is surjective. 

Proof. Let us choose a sequence of open coverings 

V h Wi >r Vi b W 2 h • ■ ■ h Vm-l h Km 

together with refinement projections 

Afe-i : Vk-i -» £4 and fi k :U k ^ V k 

for 1 < fe < m such that for any finitely many Vo, • • • ,V P G V k -i and 
Ui, ■ ■ ■ , U p G Wfc, the morphisms 

(A*_i)„ : ff£_i(v n-ny p )-> #k_i(A*-i(v ) n • • • n A*_i(y p )), 
M. : # fe /c (£/ n • • • n eg -> Hi c ^ k {u ) n • • • n ^ fc (t/ p )) 

are trivial for all p > and 1 < k < m. 

Let us take T G I^PO with dT = 0. Since 1° is a cosheaf, by 
Proposition 16 .1\ there exists T ktm _ k G Cfc(Vo;I m -fc) satisfying 

^(7fe,m-fe) — ^jfc-i.m-fc+i an d eT 0im = T 
for every 1 < k < m. 

Since [■] : C m (Vo',&o) ~~ *" Cm(Vo;Io) is isomorphic, there exists a 
unique c mfl G C m (V \l c ) with [c m>0 ] = T mfi . Then, we have 

£'$c mi o = e'<S>T mfl = e'dT m _ ltl = 0. 
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Hence, there exists c m _ 1:1 G C m _i(Ui] ©f) such that 

We have 

6$c m _i,i = $6c m _i,i = A 0# $ 2 c mi0 = 0, 
^[cm-i^J = Ao#$T m0 = aAo#T m _ 11 . 

By the choice of /ii : Ui — ¥ Vi, there exists SVra-1,2 G (7 m _i(Vi; I2) such 
that 

dS m _i y 2 = A^i#([ c m-i,i] ~~ Ao#T m _ l5l ). 
On the other hand, by the choice of Ai : Vi — >■ U2, there exists c m _2,2 £ 
C m -2(U2] ©2) sucn that 

bc m -2,2 = Ai^/ii^^Cm-i^. 

By repeating this argument, we obtain S m -k,k+i £ C>n-fc(Vfcj ©Jt+i) and 
c m -k,k £ C m -k(p(k'i ©&) for 2 < A; < m such that 

bc m -k,k = Afc_i#^tfe_i#$c m _ fc+lifc _ 1 

holds for 2 < k < m, where i/£_i = Afe_i o ^_i o • • • o Ai o /^ o Ao- 

We consider c := £c 0im G ©^(X) and S := £<So,m+i G I^ +1 (X). 
They satisfy 

95 = £jUm#([Co,m] — ^m-l#To,m) = [c] — T. 

Therefore, T is represented by the image of c G ©^(X) under [•] up to 
im<9. Hence, [•]* : H^(X) ->■ H^(X) is surjective. D 

6.5. Comparing relative homologies. Let (X, A) G Met 2 and / : 

(X, A) — > (Y, B) a locally Lipschitz map. There is the following com- 
mutative diagram 

► S?(A) ► S* L (X) ► S?(X,A) > 







-> IS (A) 



+ i*W 



-> I^PM) 



-> 



of chain maps among chain complexes, where the two rows are exact. 
According to the snake lemma, we obtain the following commutative 
diagram 

► E L m {A) ► H&X) ► H^(X,A) -i-». H^A) 



► HL C (A) ► H™(X) ► H£(X,A) -^ H^{A) 

such that the long two rows are exact, where S is a connection mor- 
phism. 



LLC AND THE HOMOLOGY OF CURRENTS 33 

Now, we prepare some category. Let us denote by Met!, the full- 
subcategory of Met 2 consisting of all pairs (X, A) of metric spaces such 
that X is (H )-locally trivial for H = H L and H[ c with < j < m and 
1 < k < m and A is (fT)-locally trivial for H' = H^ and H^ with 
< p < m — 1 and 1 < q < m. By the five lemma, we obtain 

Corollary 6.5. On the category Met 2 , the natural map [•]* : H^ — y 

H^ is a natural isomorphism. 

Immediately, we obtain 

Corollary 6.6. On the category Met 2 , the natural map [•]* : H^ —y 

H^ ^ a natural isomorphism for every m > 0. 

6.6. Comparing H* and H^. We prove that H* and H^ are nat- 
urally isomorphic to each other on (a category containing) Met 2 
A natural transformation from ©^ to ©* consists of the inclusions 
t'X ■ &*(X) — y &*(X) of chain complexes for each X e Met. We de- 
note by l* : H% — y H* a natural transformation induced by {ix}x- 
By a similar way to prove a coincidence of H% and Hl c on a suitable 
category, one can prove the following statement. 

Let Met 2 denote the fullsubcategory of Met 2 consisting of all pairs 
(X, A) such that X is (H )-locally trivial for H = H L and H^ with 

< j < m and 1 < k < m and A is (H' )-locally trivial for H' = Hp 
and H q with < p < m — 1 and 1 < q < m. 

Theorem 6.7. On the category Met 2 , the natural transformation l* : 
H^ — y H m is an isomorphism. 

Proof. The proof is done by using the proof of Corollary 16.61 replaced 
Hl c and [•]* by H* and t*. It suffices to notice that 

s L Q {x) = ejpo ^ e (x) = s (x) 

is an isomorphism for every X G Met. D 

Since Met^ LLC is contained in Met 2 , we obtain 

Corollary 6.8. On the category Met 2 , the natural transformation 
t* : H^ —y H m is an isomorphism. 



By Corollaries 16.81 and 16.61 we obtain the conclusion of Theorem II. 6 1 
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